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ABSTRACT

§ FALOONFIX is a new algorithm for camputing the location of an emitter
given the bearings from a number of direction-finding stations located
worldwide. This approach assumes that each reported bearing may be

onsidered as a sample fram a canposite normal/uniform distribution,

‘; thereby explicitly ackrnowledging that the bearing may be either "true"

3 or "wild." These distributions are used to create a likelihood function

‘ defined over the unit sphere. Non-linear programing techniques are

b then employed to identify all relative maxima {(modes) of this function,
The modes (which coincide with concentraticas of bearings) are then

-,

ordered by value ard reported as estimates of the emitter location.
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Chapter 1
INTRODUCTION

Backgrourd
A direction-finding system consists of both a net control station

and a set of direction-finding sites at widely dispersed geographic
locaticns. when instructed by the net control staticon, each site tunes
its receiver to a specified frequency and, using extremely directional
antennas, cbtains a bearing on the signal it receives, These bearings
are then reported to the net control station where they are proocessed
to estimate the true location of the emitter (obtain a "fix").

Should all the bearings intersect at a single point, the estimate
is, of course, cbvious. Such & situation rarely oocurs in practice
since error is induced in the direction of the received signal by both
the equipment at each site and by the propagation medium between the
sites and the emitter. On the basis of ampirical evidence, these errors
appear to be approximately normally distributed. Thus, the reported
bearings may be thought of as statistical samples taken from normal dis-
. - tributions wlith unknown true means. Various statistical techniques may
E‘ be used to estimate these means, thereby providing an estimate of the
Q true location of the emitter. .

A particularly vexing aspect of the prablem, however, is that of

. ' so-called "wild bearings." When a site tunes up on the specified

frequency, it might not hear the same signal that other sites are
receiving. This can happen both as a result of propagation conditions

arnd of slight differences in the times the various sites listen. In the

1
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latter case a site might report a bearing on the wrong emitter., Fram a
statistical point of view, a wild bearing cannot properly be considered
to be a sample fram a normal distribution with mean bearing on the true
emitter location. Unfortunately, it is Lnpossible to distinguish
between bearirgs taken on the oorrect emitter from bearings taken on
another emitter prior to processing. All fix cogputation algorithms
must deal with this problem in one way ar another,

A coamon method is to consider the problem in two phases. In the
first phase, the "most likely" set of true bearings is identified and
in the second phase only these bearings are used in makirg the estimate.
The difficulty with this approach is that in deciding which bearings are
wild, it is necessary to establish a preliminary estimate of the true
location. Then bearings which are not close to this position are ocon-
sidered wild and are rejected. If the preliminary estimate is not
close to the true location, it is quite likely that good bearings will
be thought to be wild and wild bearings good. It is also possible that
enough bearings will be rejected so as to create a "no-fix" situation,

i.e., not enough bearings remaining to reliably compute a fix.
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Overview of the FALOONFIX Method

The method developed in this paper takes a considerably different
approach to the problem--no bearing is ever rejected. Instead, the
bearing reported fram each site is considered to be a sample fram a
nomal distribution with probability p {a good bearing) and from a
uniform distributicn with prabability 1-p (a wild bearing), where p is
determined empirically by cbserving the fraction of good bearings over
a period of time. Then a likelihood function, the joint probability
distribution of bearing errors assuming this composite normal/uniform
distribution, is defined over a spherical earth model. The estimate of
true emitter location is then taken as the locationh which maximizes the
likelihood. Because of the nature of each of the bearing error distri-
butions, this likelihood functioh may have numercus relative maxima
(modes), oorresponding to points on the earth where intersections of the
reported bearings are concentrated.

Non-linear prograrming and regressionh techniques are then used to
find the location and value of each mode of the likelihood function.
The algorithm generates the three most likely modes and crders them
according to the probability that they are associated with the true
emitter location. The net contrvl station operator may then determine
which position to report, on the basis of both the algoritim's ordering
as well as other available information.

Finally, the algoritim generates an elliptical confidence region
with a specified probability of containing the true position of the

emitter.




Chapter 2
{ MATHEMATICAL DESCRIPTION

¢ Distribution of Bearing Error

The bearing which is reported fram a direction-finding site may be
taken on either the true target or, inadvertently, on a false target., If

. =

it is taken on a true target, we assune that the angular error (¢} between

; the reported bearing and the true bearing is a randam variable with a
E
nomal distribution having mean zerc amnxl variance 02. On the other hand,

A

if the bearing is taken on a false rarget, no information is conveyed
by the reported bearing concerning the bearing to the true target.

a Therefore, we assume that the angular error is a randam variable with a
uniform distribution. Further, we assume that the bearing is taken on
the true target with probability p and on the false target with
probability (1-p); the value for p may be optained from empirical
evidence., For small values of e, therefore, we assuwe the distribution
to be nomal and for larger values we assume it uniform. The transition
points are designated *co, where ¢ is a constant which depends upon both
E p ard 0. lastly, it is assumed that the probability density function

’ of the bearing error is a contimious functir ;s of €. The resulting dis-

1 tribution, which we shall call "canposite nommal-uniform" is representad

by
3
1 2,2
exp(-e“/20%}, -coseSor
Kkv/Zn0 '
h{e)=
L. expl-c%/2), -nSeS-co or co<esn
K20




where ¢ and ¢ are in radians and the normalizing constant K is given by

K = [20(c)-1] + 2[n-co} [ <’ 2’]

Y2ra

where ¢ is the standad normmal camulacive distribution function.

The graph of a typical cowposite normal-uniform is depicted in
Figure 1 below. The fact that the ordinate is constant for values of
€ greater than ¢o or less than -co is extremely significant to the
ethod, as shall baccme apparent in later sections.

0=
=
m

=T -

Figure 1. Typical Camposite Normal-Uniform PDF
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To determine the transition point, we note that

p=

co
1

/2o

exp(-ez/202) de

2

-cg

1
% [2¢({c)-1]), or

2¢(c)-1
[20(c)-1] + 2{n-ca] [M]
ng

In Figure 2 below, this relationship between p and o is plotted for

variocus values of c.

by interpolating between the curves,

1.0

0.5

Then, given values of p and 0, ¢ can be obtained

'S
-
:
-
-}
1 T T _’
1 2 3 ¢ (degeas)

Figure 2. Transition Point Curves
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One final approximation for the density function is required to
make the procedure more efficient computationally. The €% temm is
difficult to wark with using vector methods, so the Maclaurin approxi-
mation for cos € is used to derive the relationship

2 2(1 - oos £},
This approximation is correct to within 0.4% for values of e up tc 0.2

radians, a value greater than will occur in practice.

Thus, h(e) is approximated by

[ 1 exp [:% (l-cos E)] , —cofesoo
a
fle) =

1 exp [:-%— (1-cos (co) )] , —1%e<-co or co<eln
a
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The Likelihood Function

The likelihood function for the emitter location ($,0) is defined
to be:
F(¢|s) = G(E1'€2,-o-'€n) i} fl(el)fz(ez)...fn(en)
M1e.reei is the angular error between the reported bearing from station
i and the true bearing from station i to ($,6). Thus €, is a randem

varizble with density function

1 " 1
—_— exp |- {1-cos €.) -c,0,%¢,5c,0,
x./3ma. :2' 1]' S A s e 0 1
1 1 L 1
fi(ei) = . L
—_—— ep |- (l~ccs{c,0,)) -niE.<~C, 0, Or
Ki/fﬁ'o. ;:2' 11 ' P R |
1 ~ €.0. <€ 5
i1
Therefore,
n
~4,8) = —L 30 1Tt 2L (1-cos €)|X
o (am V2 | RS | B i
i=1 ieW 1

-1
l' exp |—5(l-cos(c 0,))
. g,
itw i

= i <
where W {1.|ci|-cici}

As will be made clear subsequently, our approach to estimating
emitter location will be to find the relative maxima--which we call

"modes"--of this function.

n
. 1 ] . . .
Since —— " K,0; is not a function of the €5 F($,0) is

i=]l

maximized whenever




w
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F*($,0) = ll exp [~ —=5(l~cos €,) " ep |- —(1-cos(c;0,))
iew % igw %

is a maximm. F*(4,6), in turn, is maximized whenever its logaritim

L(¢,0) az —'-15(1-005 ei) +z :'13(1"‘”8(‘:101” is, and this is the

a. aJ.

1 1

iew itw
function to which we shall direct our attention.

Before proceeding with the development of the method, we shall pause
to consider exactly what this function L(¢,8) locks like, In Figures 3
through 7 are depicted five examples of a set of bearings and the
resulting function L.

In the figure below the case in which two lines of bearing intersect
at a single point is illustrated. Notice that the function has a single
mode at the point of intersection. (As we shall see later, the FALCONFIX

algorithm does not oonsider two bearing crosses as potential position

extimates. )

i,
1557
117 mf?"/

s

' 0 ARPCIRPCICH IR X
R R SRR RS
AAADXXXNINN 77 :Ei::i%i:?yf&!ﬁﬁﬁ”
*=:=5=*E§E§E§é=*5555:,Ezfi'!,lg{gl;f;ﬁf’ =
Seoasasiresasenasasa Wl e
g

Figure 3. L(4,8); Two Bearing Cross




In Figure 4 below, the function L{¢,8) in which three bearings

intersect at a point is illustrated. Here the mode is savewhat more

Y sharply peaked than in the previous case,

''''''' :‘- = T e .
RIS
0a¥s7 B0 O KRR

/45

g Figure 4. L(¢,8)}; Three Bearing Case }1

In Figure 5, the three bearings do not meet at a single point, ang,
in fact, the "cocked hat" is so large compared to the standard
deviation of the bearirng errors, that the function does not have a

1 single mode in the center. Instead, there are three individual two

bearing crosses at each of the intersections.

10




tf:%}ﬁrﬁ‘o \\{\*‘?g‘ﬁ\
I ' \
010/ 0O N
o O D
S X SN
----- = -y l’

e
i i g

e

O
"i‘{:‘

¢ )
9
§

3
41
'I

L]

)

Figure 5. L{$,8); Three Rearing Case #2

In Figure 6 below, a four bearing case is depicted in which the
bearings do not intersect at a single point. Notice that this figure is
considerably less regular than the previous figures, and is more typical

of what one finds in real cases.

L($,8); Four Bearing Case

Figure 6.
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In Figure 7 the bimodal case is illustrated, In this five bearing
example it is not likely that all bearings were taken on the same
emitter. Rather, it is much more plausible that either Bearings 1, 2
and 3 are good bearings (with 4 and 5 wild) or Bearings 1, 4 and 5 are
goad bearings {(with 2 and 3 wild). The two modes in the figure corres-
pond to these two possibilities.

43
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Figure 7. L{$,0); Bimodal Case

Before going on to the methodelogy of identifying these modes, it
will first be necessary to express each of the €4 in the equation for
L explicitly as functions of ¢ and 8, the latitude and longitude of
the position estimate. To acoamplish this we will rely heavily on the

use of vectors as described in the next section.

12




Vector Representation

A position vector P from the center of the earth to a point {¢$,0)

Bl v o . uns

o the surface may be represented as
P= (cos 8 cos ¢)1 + {sin 8 cos ¢)3 + {sin ¢)k
This vector P is depicted in Figure 6 below in a right-hand

coordinate system in which I points to the prime meridian on the equator

¢
I
and k points to the north pole. Thus, east longitude is represented by
F' positive values of 6, west laongitude by negative values, north latitude
by positive values of ¢ and south latitude by negative values.
4 k

ToAy

Figure 8. Position Vector




If (¢,8) is the location of the target and Mi'ei) is the location of
the ith station, then the corresponding position vectors are:
T = (cosecos¢li+ (sin 6 cos ¢)3 + (sin ¢k
5; = (cos B, cos ¢;)1 + (sin 8, cos ¢,)3 + (sin ¢,)k
Let B, be the bearing reported by the 1™ station. Then in tems of
the local coordinate system (I*, J*, k*) in which I* points east, }*
points north and k* points to the local zenith, a vector pointing in
the direction of Bi may be represented as
B,* = (sin B))i* + (cos B )3*

which is shown in the figure below.

| i, 2ol

b

Figqure 9. Bearing Vector

-

To be useful, however, il is necessary to express each bearing

otk

vector in the same coordinate system as the T and Si vectors, This is

accanplished by rotating the local frame with transformation R, so

that it ocoincides with the geocentric frame shown in Figure 8.

14
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Specifically,
# - * = 2l iy "
Vrl Bi RiBi At + B} + Ck where
- A:-(smq)icnseimsﬁi+smﬂisinﬁi)

B=mseism8.l-em¢ismﬁicos8i

C

/]

msqbicosﬁi
Now, T, duesiar\dtheBiareallunitvectorsaq:’ressedinme

3 same geometric frame.

SXT
Then, the vector £ 1s a unit vector normal to the "station-
|sxr]
six Bi
) target plane,” the plane containing S; and T. Similarly, ———-I
[S,xB,
i1

4 is a unit vector normal to the "station-bearing plane,"” the plane con-

taining Si amd Bi.
Clearly, the angle between these two normal vectors is equal to
the dihedral angle between the two planes, which in turn is equal to

the angle €4 between the reported bearing and the true bearing from

4
{_ the J'.th station to the target. This relationship is shown in Figure 10.
% Fram the familiar dot product relationship we have

§ XT . sxB; \

lsix'rl ISixBii)
Since S; and B, are orthonommal, it is true that ISix B.| = 1, which

: means tnat

(Six T). (Six B)

ts;xT

e 55. Dt e arae i obes ol

SR BRI R e Dl b




e Tl M Ll

Figure 10. Dihedral Angle

Employing a little-used identity from vector calculus on the numerator

of this expression yields

(SiXT)-(sixsi) = (Bi-'I‘) (si-si} - (si-'r) (Si-B)

But Si'si = 1 since S.1 is a unit vector and Si'Bi = 0 since Si ard Bi

are orthogonal.

Thus (Six'r) -(SixBi) S Bi-'r, which means that

Bi'T

[sxT|

s . =
1

Now lSile is equal to the sine of the angle between S; and T.

Since si-T equals the cosine of the same angle, we can represent

|sxT| as




T 7

La el i o i )

IS¥T] = \Nh-is, M2
which it scmewhat easier to deal with camputaticnally. The relationship

Bi'T
008 €. = we—e
1

V1- (Si-Tl

will be used in subsequent calculations., Making this suostitution, the

logaritim of the likelihood function becomes:

-1 BT -1
L(¢,9) =Z = |1- +; =5 (-cosiejo,))
iw ‘i Vl—(si-T)z itw i

In this equation the Cir 750 By and Si are all constants and T is
a function of ¢ and 8. Wwe now have L(¢,98) in a fom where it is
possible to find the modes by moving T ip such a way as to prugressively
increase the value of L. In the next section we will illustrate exactly

how this is done.

17
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Modes of L(¢,6)

L(4,6) can be written in the form:

A ¥, it

Bi'T
L($,9) =z + K

il oiz Vl— (Si-T)i

———

where K = a oonstant
- 3 - 1
Bi—bill+bi23 +bi3k
Si=Sill+5izj +si3k
[ - - -
] T=t;1+8,]+tk
] =cosecoscp_i+sinecos¢'j'+sin¢ﬁ

and B;| =|s.| = [T =1
S A necessary condition fc. the point (¢*,6*) to be a mode (relative
maximum) of L(¢4,68) is that both

3L _ 3L! -
ﬁ|e=e* =0 amd g, . =0

After considerable calculation it can be shown that:

E I -bilsmﬁ cosd + bizc.')se cosd
. Fi {T)

Fri BT +
!_ ieW 1
P (Si-'l‘) (-silsinﬁ ocosd + sizcose cosd)
E 5 . and,
2 1-(g, T}
E 1
t_ i d B -bilcnsﬂ sin¢ - bizsmﬁ sind + bi:,‘oos¢ .
3 a¢ i Bi-T

icW

(Si-T) (—silcose sing ~ sizsine sin¢ + si3cos¢)

2
1~ (Si-T)

18




Bi'T

2
oi 1- (Si'T)

where Fi('r) =

Setting these partial derivatives equal to zero and then solving

for 6 and ¢ respectively, we obtain; .
b, (Si-’I‘)si2
Mg Tt 3
& i 1-(Si-T) }

b, (S.*T)s,
z Pom (oA e il

8 = J(4,0) = tan'l'{

\isw
j ard
4 ( b {5,+T)
2 i3 1°7543
™~ :E: F(D | g t P—
1 . i 1-(5..T)
1 -1 1eW i
. ¢ = K(¢,0) = tan <
] z e m bilcosB+bizsin8 . (Si-'r) {s ilcos_&:s 12sine)
i B.-T 2
} \iEW 1 1- (Si'T)

Thus, at the point (¢*,6*%) these equations will be satisfied. These
equations are used to establish the following recursion relationships:

The FALONFIX algorithm for estimating (¢*,0*%) proceeds as follows:

it s Mt
. .

1. Select a starting point (¢0,80) . (The selection procedure

is discussed later.)

G g

2. ’I‘0 = T(¢0,80) : Initialize the target vector
3. k=0 : Initialize k
4. 6§ =3¢ : Specify the stopping rule

19

e

e e e s e e e r—
| A P —— - T e N TR . o e




TR

5. 8,1 = J(4,8) ; Calculate the next longitude

6. 4,5 = K($,8 ) : Calculate the next latitude

Tyel = T(¢k+1'ek+l) : Calculate the next target vector

8. If .>M then 6=62 : Relax, the stopping rule if k is large
9, If |'1‘k+1-'rk|<6 or k>N then go to 12 : stopping rule

10, k = k+l ! Increment k

11, Goto S : Perform the next iteration

12, (¢k+1'ek+1: is an estimate for (¢*,0%)
Note: N>M and 62> 61

The intersections of pairs of bearings are used as the starting
points for the algorithm, Those pairs which intersect at an angle of
greater than 20° are considered first—those intersecting at smaller
angles are deferred for later consideration. The first check in deter-
mining whether an intersection constitutes a valid starting point is if
that particular pair is not a subset of a bearing set W fram a previously
generated mode. If it is, the intersection is rejected since the
iteration procedure would yield the same mode. The second check is to
determine if at least cne additional bearing is contained in the set W
at the point of intersection. If not, the intersection is also rejected
as a starting point since in this case no iteration will take place and
two-bearing modes are not allowable, except in the special case where
only two bearings are irput.

The following example illustrates the algorithm and the selection

of starting points. Suppose the reported bearings are as szhown in

20
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Figure 11. Example of Mode Determination
Figure 11. The incersection (1,2) is temporarily set aside because the
angle is too small. (1,3) satisfies this criterion and also that at
least one addaitional bearing, (2), is contained in the bearing set at
this point. Therefore (1,3) is a valid starting point. The algorithm
camences and after seweral iteratic.. - converges to the point A. Since
bearings 1, 2 and 3 are in this bearing set, the intersections (1,2),
(1,3) amd (2,3) are removed fram further considerations. (1,4) is the
next candidate and since it meets both criteria it is selected as a
starting point. The algorithm begins there and converges to point B.
In the same way as before, (1,2), (1,4) and (2,4) are eliminated.

(3,4) is the only intersection remaining. It satisfies the angular

21
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criterion, but no other bearing is close encugh to be a mamber of the
bearing set at the point of intersection, Therefore (3,4) is eliminated.
Since no intersections remain as candidates, all modes have been found

and the problem is terminated.

| when the algorithm generates more than a single rode, we order them
if with respect to the probability that they coincide with the true location
E of the emitter. Since each bearing has a probability p of being a true
'- bearing and for realistic direction-finding systems, this value is

E greater than 0.5, the mode having the greatest number of forward bearings
§ in its bearing set is considered the most likely. In the case where two
k or more modes involve the same mumber of forward bearings, the algorithm
§ uses the degree of dispersion of the bearings as a secondary criterion,

Specifically, the average squared perpendicular distance fram the position
estimate to each line of bearing is computed and the modes are cordered

so that the one with the smallest such value ia first.
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Standard Deviation of Bearing Error

The standard deviation of the bearing arror (0) is used in the cal-
culation of the likelihood function and its partial derivatives. While
the particular method used for obtaining 0 is rot crucial to the
FALOONFIX algoritim, for the sake of campleteness its camputation will
be discussed.

The standard deviation is taken to be a function of both the charac-
teristics of the particular receiving site (antenna, equipment, location,
exc.) an’ of the distance between the site and the emitter location. In
particular, we assume the multiplicative relationship o = h(d)od where o
is a constant representing the normalized standard deviation of the
bearing error fram the site and h(d) is an adjustment for distance,

If s = sin §, where § is the central angle between the target vector
T and the station vector S, then

d

3444 sin X(s) , d in nautical miles
or

sin {——q——l
3444

w
]

The function h(d} below is motivated by the Ross Range Curve,

although certain moditications have been made,

60 , if A< 60
60-3152.387 (s-.0174524) , if 60<ds 120
hi@ = { -174524/s , 1f 120<d< 600
s + .B26352 , if 600<ds 5410
1.826352 , if d> 5410

A graph of h(d} is provided in Figqure 12 below.
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Figure 12. Graph of h(d)

The extremely large standard deviation for distances less than 100
nautical miles or so, is essentially an artifice to assure inclusion of
bearings fram sites which are close to a potential mode; such bearings
. are almost invariably good bearings. For example, if G is equal to 1.0
degrees and if the transition point ¢ (referred to in Figure 2) is set
: equal to 3.0, then any estimate of emitter location within the “"keyhole”
1 in Figure 13 will include the bearing from site s. (In this figure the
origin represents the site and the horizontal axis is the direction of
the reported bearing). Notice that the bearing is included whenever the

gite is within 60 nautical miles of the estimate,
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Figure 13, Inclusion Region
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The REFIX Procedures

One final procedure is used to refine the position estimates

generated by the previously described algorithm. The need for such a

termination procedure is two-fold.

- If one of more of the bearings in the included set is from a
station which is reasonably close to the position estimate, the
artificially large standard deviation associated with such
bearings will tend to diminish its rightful impact on the
position estimate,

- If the likelihood function happens to be unusually flat in the
neighberhood of the mode, it is possible that the stopping rule
may terminate the algorithm prematurely, resulting in a reported
position estimate which is not coincident with the point at

which the relative maximm ooours.

Two different termination proocedures have been developed, but both

have the following features in ocommon.

- The bearing set is “Irozen" to include only those bearings
which were included in the final iteration of the algorithm
previously described.

- The standard deviations of bearings fram stations within 600
nautical miles of the position are modified by changing h(d) to

h*{d) = 0.75 + 3/2400 where d is the distance in nautical miles.

REFIX/1. 1In this procedure, after the bearing set has been frozen

and the starxlard deviations of bearings fram close-in stations have been

modified, the iterative algorithm is employed again.
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REFIX/2. This termination procedure uses techniques employed in
multiple regression analysis. Most of the computation done here is
“: required for the confidence region calculations which are discissed in
the next section. In this procedure a cartesian coordinate system is

set up in a plane tangent to the spherical earth model, such that the

origin is coincident with the position estimate produced by the iterative
procedure, The lines of bearing are assumed to be straight lines in this
plane.

A single representative line of bearing is shawn in Figure 14 with

(xo.yo) being the true target location.

Y

TP

Figure 14. Coordinate System for the REFIX/2 Procedure

Fram elementry algebra, the equaticn of the solid line in Figure 14

is (~cos B.)x + (sin Bi)Y = ;. The equation of the dashed line through

Do £ i -
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the true target location (xo,yo) is (-cos Bi)x + (sin Bi)y = Gi -e
Then, since (xo,yo) is on the dashed line, we have:

8; = (-cos ﬁi)xo + (sin Bi)yo - e

This equation is in the fom of a general multiple regression model.
Both the B.1 and the Gi can be calculated since the origin is known, The
Si is appraximately the bearing from the origin to the station for
distant stations and appraximately the reported bearing for near stations.
The Gi is approximately Y5 sin di where A is the angular difference
hetween the reported bearing and the becring fram the station to the
origin, and where di is the distance fram the station to the origin,
Also, e the perpendicular distance fram the true target location to
the bearing, is a normal random variable since e, =€ sin di and €
(the angular error) is a normal rardam variable. Furthermore, since the
€, are nomal and independent with mean zero ard variance 012, the e

will be nommal and independent with mean zero and variance (sinzdi)ciz.

. Thus, the problem reduces to the simple multiple regression problem of

estimating b when

s=m+e
where
61 -00s Bl sin Bl
é = A=
...6k | -0s Bk sin Bk
X K
b= and e = :
o) I-yo =
i %

29




Further, we have that e is distributed as a multivariate randam

variable with y = %ex1 and diagonal covariance matrix

pu v —

sinzd w 2 o = + = e
11 2. 2
0 sin2 w5
=0 2 . . * =g 2 W
L (o} . . . (o}
T 2.2
" o . e sin dkwk j
with ci2 = (wioolz for each station.

Using the above notation, the maximm likelihood estimate of
b= (xo,yo), the true target location, is giwven by

T

Once b is available, we uypdate the target vector to give the refined
position estimate,

Relative Advantages. FEither termination procedure works quite

adequately in practice. The REFIX/l procedure has a slight advantage
when the position estimate is very close to one station since the
assumption of parallel movement of bearings which is made in REFIX/2 is
not really true in this case. On the other hand, REFIX/2 is quicker in
some cases since on occasion REFIX/1 requires a nurber of additional

iterations.
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The Confidence Region

The calculation of the confidence region follrys directly from the
REFIX/? algorithm. The estimate é is distributed multivariate normal
with mean y* = [xo,yO]T and owariance matrix

T ~1,-1_ 1 1

e ar a7l Z(ATw"‘A)‘

g
o

The minimin area 100 (l-a)% confidence region is given by
1 .. x| X] <
— &yl I [y] = Fa,2,nu

s

o

2. . p . )
where s, 1is the estimate of o, based on n data points and Fu,z,n-i? in
the appropriate F distribution percentage point. In this algoritim,
the 002 is assumed known so Fa 2 @ is used. This value is approximated
b! _]me (a) .

The ellipse which is generated is given by the direction of the

major avis and the magnitudes of the semi-major and semi-minor axes.
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Appendix A

Camputer Program Flow Chart
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